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Evolution of Localized Vortex Disturbance in Uniform
Shear Flow: Numerical Investigation

Victoria Suponitsky,* Jacob Cohen,’ and Pinhas Z. Bar-Yoseph*
Technion—Israel Institute of Technology, 32000 Haifa, Israel

The possibility that a simple model of interaction between a localized vortical disturbance and laminar uni-
form unbounded shear flow is capable of reproducing the generation mechanism and characteristics of coherent
structures naturally occurring in wall bounded turbulent flows is examined numerically. Gaussian and toroidal
vortices are used as the initial disturbances. The concentrated vorticity field of the Gaussian vortex is defined by
a single length scale 6, which is assumed to be much smaller than the characteristic scale of the base flow. The
toroidal disturbance is defined by two length scales ry and 8, corresponding to the radius and thickness of the
torus, respectively. For a small-amplitude Gaussian disturbance, the numerical solution of the full Navier-Stokes
equations agrees well with the analytical solution of the linearized vorticity equation. Accordingly, the disturbance,
independent of its initial geometry, eventually evolves into a pair of counter-rotating quasi-streamwise vortices and
an associated low-speed streak. Moreover, an optimal range of (/6 is found for which the spanwise separation of
the two elongated vortical regions, expressed in wall units, corresponds well to the spacing of streaks and hairpin
vortex legs observed in turbulent flows. Preliminary results show that a large-amplitude disturbance, independent
of its initial geometrical shape, eventually evolves into a hairpin vortex.

Introduction

ALL-BOUNDED turbulent shear flows are characterized by

unsteady, seemingly chaotic motion. In fact, however, the
motion is not random, and it has been observed to be governed by
well-organized vortical structures. These turbulent shear flows are
known to consist mainly of two different kinds of coherent vorti-
cal structures: counter-rotating streamwise vortices, which lead to
the formation of low- and high-speed velocity regions (streaks), ob-
served in the near-wall region and hairpin-shaped vortices extended
across the boundary layer. The two kinds of coherent structures were
experimentally first identified by Kline et al.! in 1967. The main ex-
perimental and numerical findings regarding the coherent structures
are discussed and summarized by Robinson,? by Smith and Walker,?
and more recently by Schoppa and Hussain.*

One of the remarkable features of these coherent structures is
that their characteristic length scales (expressed in wall units) re-
main almost unchangeable for various kinds of shear flows and over
a significant range of Reynolds numbers. Moreover, their evolu-
tionary dynamics, as well as characteristic length scales, have been
found to be similar in both fully turbulent and transitional shear
flows. Therefore, to understand the underlying physics of the co-
herent structures in turbulent flows, several authors have studied the
evolution of similar structures artificially generated in subcritical
wall-bounded laminar shear flows, instead of a fully turbulent envi-
ronment. The advantages of this approach are that the flow is quiet,
and therefore, it is easy to identify and follow the evolution of the
vortical structure and to control and examine the parameters of the
flow associated with the coherent structure. The disadvantage of
this approach is that the influence of the turbulent Reynolds stress
associated with other vortical structures is ignored.
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Blackwelder’ compared the constituent elements of the counter-
rotating streamwise vortices for both transitional and turbulent
boundary layers and suggested that the dynamics of the vortices
are similar. The evolution of a localized disturbance in a laminar
shear flow was studied numerically and experimentally by Breuer
and Haritonidis® and Breuer and Landahl.” They reported that the
elongated low- and high-speed regions that develop as the distur-
bance progresses are reminiscent of high- and low-speed streaks
that are observed in fully turbulent wall flows. Similar observations
were reported by Henningson et al.,® who investigated the evolution
of a localized disturbance in laminar plane Poiseuille flow.

Hairpin vortices (or horseshoe vortices) were artificially gen-
erated in a laminar boundary layer, for example, by Acarlar and
Smith,’ in a rotating axisymmetric laminar Couette flow by Malkiel
et al.,! and more recently in laminar air channel flow by Svizher
and Cohen.!!

Levinski and Cohen'? proposed a general model characterizing
the evolution of three-dimensional localized disturbances, the di-
mensions of which are smaller than characteristic length scale of
the external shear flow. According to their model, a simple feed-
back mechanism takes place: The lift up of the disturbance in the
vertical direction stretches the external spanwise vorticity field and
generates a disturbed vorticity component in the vertical direction.
The direct effect of the external shear flow is to rotate the disturbed
vortex back toward the wall and thereby to amplify the streamwise
vorticity component. The new streamwise vorticity component in-
duces an additional vertical velocity, which further enhances the
lift-up effect and closes the feedback loop.

Note that according to the linear stability theory the uniform
shear flow is predicted to be stable with respect to exponentially
growing (normal modes) three-dimensional infinitesimally small
disturbances. However, disturbances having a spanwise structure
may experience an algebraic (transient for the viscous flow) growth
mechanism. The latter growth mechanism was first demonstrated
by Ellingsen and Palm!?® for streamwise independent disturbances
in 1975. Later, this mechanism was extensively studied by many
investigators.® 1419

The similarity of developed vortical structures occurring in com-
pletely different fully developed bounded turbulent flows as well as
in transitional flows suggests the existence of a basic mechanism
responsible for the formation of these vortical structures, under var-
ious base flow conditions. The common elements for all flows are
the shear of the base flow and the presence of some kind of a vor-
tical disturbance having a spanwise structure. The purpose of the
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Fig. 1 Schematic of the research objective.

present research is to examine numerically the possibility that a sim-
ple model of interaction between a localized vortical disturbance
and laminar uniform unbounded shear flow is capable of repro-
ducing the generation mechanism and characteristics of coherent
structures naturally occurring in turbulent boundary flows. This ob-
jective is shown schematically in Fig. 1. The unbounded uniform
shear base flow is characterized by its shear €2 = (0, 0, €2,), whereas
the localized disturbance is characterized by its vorticity field w.
The disturbance amplitude is defined as the ratio between the dis-
turbance maximum vorticity magnitude wp,, and the shear of the
base flow. When the disturbance amplitude is much smaller than 1,
the disturbance is considered to be a small-amplitude disturbance,
and its evolution is governed by the linearized equations. The role
of the wall in this model is only to maintain a shear base flow and to
generate the initial disturbance, the dimensions of which are much
smaller than a typical scale representing the velocity gradient of
the external flow, whereas its effect on the disturbance evolution is
sought to be negligible.!?

Unlike some previous works where the term localized disturbance
referred to disturbances having their smallest typical length scale of
the order of the boundary-layer thickness, for example, Refs. 68
and 20, in the present investigation all of the disturbance dimensions
are much smaller than the characteristic length scale of the base flow.

In this paper, we mainly focus on the evolution of small-amplitude
disturbances and, in particular, on the effects of the initial distur-
bance geometry and Reynolds number. Although some preliminary
results of the nonlinear case are included for the sake of complete-
ness, the detailed investigation of the nonlinear effect is beyond the
scope of the present paper but that study will be published in the
near future.

The temporal evolution of localized vortical disturbances of dif-
ferent geometrical shapes and Reynolds numbers is obtained by
the solution of the full Navier—Stokes equations. For the particular
case in which an initial small-amplitude disturbance has a spherical
Gaussian vorticity distribution, the numerical results are validated
by the comparison with the corresponding analytical solution for a
small-amplitude disturbance, recently obtained by Shukhman and
Levinski.?!

In the next section the initial disturbance is described, and the gov-
erning parameters of the problem are defined. Then the numerical
procedure is detailed, and a comparison with the analytical solu-
tion for an initial Gaussian vortex disturbance is carried out. The
effects of the initial disturbance geometry and the Reynolds number
are then discussed, and finally the main results are summarized and
discussed.

Problem Statement

The purpose of the present work is to study the evolution of a lo-
calized (in all three dimensions) vortical disturbance embedded in
uniform shear flow. Here we shall mainly focus on small-amplitude
perturbations. In the following sections, the initial disturbance
shapes, governing parameters, and evolutionary characteristics are
described.

Initial Disturbance

In general, any vortex that is localized in space (in all three di-
mensions) with a divergent free vorticity field can be used as an
initial disturbance. In the present work, two different shapes of the
initial localized vortical disturbance are studied. The first one is a
spherical vortex ring with Gaussian vorticity distribution, which is
defined as

F=(28) " exp(-r2/8%) (1)

where w is the vorticity vector, p is a vector defining its space ori-
entation, r; is a spherical radial coordinate, and § is a representative
length scale of the disturbance. (If the function F [Eq. (1)] is nor-

malized such that
/ Fdv =1
v

then the vector p is the fluid impulse of the initial vortical
disturbance.) The disturbance maximum vorticity is obtained at
rs =38/4/2. This disturbance, having a single length scale, serves
as an example of a localized (in all three dimensions) region of con-
centrated vorticity, with vorticity lines forming circles in a plane
perpendicular to the direction of the vector p. An example of the
Gaussian disturbance, initially having horizontal orientation, shown
by the isosurfaces of the vorticity magnitude, is presented in Fig. 2
for the two different threshold levels of the vorticity magnitude. The
associated vorticity vectors are also shown to clarify the structure
of the vorticity field. The amplitude of the disturbance and its initial
orientation are defined by magnitude and direction of the vector p,
respectively, and the size of the localized vorticity region is defined
by the length scale §.

The second shape of the initial vortex disturbance, considered in
the present investigation, is a horizontal (xz plane) torus having the
following vorticity field:

w=—-pxVEF,

z

—y2 —(r — )2
w=10 Aexp(%)exp[%} 2)

—X

where x, y, and z are the streamwise, normal, and spanwise direc-
tions, respectively, A is a positive constant defining the strength of
the disturbance, r = /(x> + z?) is a radial cylindrical coordinate,
and ry and & are two characteristic length scales. This initial dis-
turbance has a vorticity distribution similar to that of the Gaussian
vortex. (For the horizontal torus the vorticity lines form circles in the
xz plane.) However, the existence of the two characteristic length
scales allows us to vary the localized properties of the disturbance
and seek the optimal aspect ratio for which the disturbance growth
is maximal. Note that any orientation other than the horizontal one

Fig. 2 Isosurfaces of the vorticity magnitude and the associated
vorticity vectors of an initial horizontal Gaussian disturbance:
a) ||w||/wmax =0.9 and b) ||w||/wmax =0.1.
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of the toroidal disturbance relative to the base flow can be achieved
by a suitable rotation of the coordinate system. An example of the
toroidal disturbance, initially with horizontal orientation, shown by
the isosurfaces of the vorticity magnitude is presented in Fig. 3 for
the two different threshold levels of the vorticity magnitude. The
associated vorticity vectors are also shown to clarify the structure
of the vorticity field. From Eq. (1), it can be seen that the vorticity
magnitude for the Gaussian vortex is proportional to

lwll ~ ry - exp(—r?/8%) 3)
whereas for the toroidal disturbance is given by
lwll ~ r - exp(—y*/8%) exp(—(r — r0)* /8°) )

When ry =0 is substituted into Eq. (4), the distribution of the vortic-
ity magnitude is reduced to that of the Gaussian vortex (3), except
that r; and r in both expressions refer to the spherical and radial
coordinates, respectively. Thus, the Gaussian disturbance can be
considered as an approximate limit of the toroidal disturbance.

To demonstrate the role of the two characteristic length scales,
normalized distributions (each by its own maximum) of the vorticity
magnitude along the x axis for the Gaussian and the toroidal distur-
bances with several 1 /8 ratios are plotted in Fig. 4. From Fig. 4, one
can deduce that ry and § are associated with the radius of the torus
and the thickness of the concentrated vorticity region, respectively.

Governing Parameters

Once the shape of the initial vortical disturbance is chosen, there
are three parameters that govern the flow. The first one is the strength
of the initial disturbance ¢, which is defined by the amplitude ratio

Fig. 3 Isosurfaces of the vorticity magnitude and the associated vor-
ticity vectors of an initial horizontal toroidal disturbance (ry/6=2):
a) ||w||/wmax =0.9 and b) ||w||/wmax =0.1.

between the maximum vorticity of the disturbance, wp,y, and the
shear of the base flow, €2, that is,

& = Wmax/ 2 (5)

The second governing parameter is the orientation of the initial
disturbance relative to the direction of the base flow, which is given
in terms of the angle ¢ between the direction normal to the plane of
the torus (the direction of the vector p) and the positive direction of
the x axis (Fig. 5). The third governing parameter is the Reynolds
number (see Ref. 21), which is based on the characteristic length
scale 8,

Re = Q8%/v (6)

We shall use 6 and 1/ as reference lengthscale and timescale,
respectively, to normalize all dimensional variables. Accordingly,
X=x/8,Y=y/5,Z=z2/5,and T =tQ.

The effect of the initial amplitude and orientation, with regard to
a Gaussian vortex, were studied by Suponitsky et al. in Refs. 22 and
23, respectively. (Data also available at http://tx.technion.ac.il/~/
cml/cml/staff/vika.htm [cited 23 May 2003].) The effects of the
Reynolds number and the geometrical shape of the initial distur-
bance are the main subjects of the present paper.

-1 0 3

Fig. 5 Definition of ¢: the angle between the direction of the vector p
and the positive direction of the x axis.
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Fig. 4 Normalized vorticity magnitude distribution along the x axis for different geometrical shapes.
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Fig. 6 Schematic of the principal axes calculated from TED.

Vortex Characteristics

In the present work, the vortical structure is identified by the
isosurfaces of the vorticity magnitude. The inclination angle o of
the vortical structure with respect to the positive direction of the x
axis is defined with the aid of the tensor of enstrophy distribution
(TED).?' The definition of TED is given by

Tij(t)=f lw®x;x; dV )
\4

The angle « is defined as the angle between the long principal axis
calculated from TED and the positive direction of the x axis (Fig. 6).
Its expression for the case in which p, =0 is given by?!

1 " 2T12 + T (1 T ) 4

= —arctan | —— — ) — —

) Th—Tn) 4 2
s = sign(Ty; — Tap) ¥

The strength of the vortical disturbance W is measured by integrat-
ing the enstrophy over the entire volume, that is,

Waw=fnmedv )
|4

Numerical Procedure

Full unsteady incompressible Navier—Stokes equations for prim-
itive variables (velocity components and pressure) are solved by
the finite volume method using the commercial computational fluid
dynamics (CFD) code FLUENT.?*

The schematic of the computational domain and the coordinate
system definition is shown in Fig. 7. The goal is to simulate nu-
merically the evolution of a localized vortical disturbance in an un-
bounded uniform shear flow. For most of the computations, the size
of the computational domain is 808 x 308 x 50§ along the stream-
wise x, walls-normal y, and spanwise z directions, respectively, and
the whole computational domain has about 1.3 million grid nodes.
For the Gaussian case, a domain size of 408 x 408 x 305 with about
one million grid nodes was found to be sufficient. For all simu-
lations, this size of the computational domain is sufficiently large
(relative to the size of the initial disturbance) so that the effect of
the finite computational domain on the disturbance development is
negligible.

The initial vortical disturbance is placed at the center of the com-
putational domain. The uniform shear base flow velocity profile
is obtained numerically as a steady solution of the laminar two-
dimensional Couette flow with zero pressure gradient. Accordingly,
the moving walls boundary conditions are u(y =208) =U, and
u(y =—208) = — Uy. Along the streamwise direction x and span-
wise direction z the periodic and the symmetry boundary conditions

/ 30 6
. u,
y
o ( X d:gﬂ%ance
‘/
T
T
408 g7l
x| D‘Q%
Base flowx
-U \

o

Fig. 7 Schematic of the computational domain: x streamwise direc-
tion, y transverse direction, and z spanwise direction.

are employed, respectively. For each simulation, the initial distur-
bance is superimposed on the base flow. Because the initial distur-
bance is given in terms of a vorticity field, the corresponding velocity
distribution must first be calculated to provide the initial velocity
field needed for the CFD code. For the particular case in which
the disturbance is described by the function F = F (ry) [Eq. (1)], an
analytical velocity distribution exists?!:

wi =F@r)[pi—xi@-r)/rl]
—[HG [ ][p = 3% @1 [r]] (10)

where

Ty 2
H("s)=f F(§)& d&, w0 = 3p;
0

For any other localized vorticity distribution, the corresponding ve-
locity field for incompressible flow is given by*

1 s X W
u()ﬁy,Z):—E'/ = dv’ (11
v

where

s=@x—x,y—y,z2-12)

s= sl =/ =22+ (v = y)2 +  — 2)?

For most of the simulations, the size of the initial vortical
disturbance and the shear of the base flow are 6 =1 mm and
© =40 1/s, respectively. These parameters are chosen in accordance
with the experiments carried out with a Taylor—Couette apparatus
(see Ref. 10). For this set of parameters, the relevant Reynolds num-
beris Re = Q62 /v =40. Nevertheless, for Q =40 1/s, the Reynolds
number, based on the absolute velocity of the moving walls and
the distance between them, is 3.2 x 10*. This Reynolds number is
close to the upper limit for obtaining numerically the known laminar
steady plane—Couette solution.

Results

Comparison Between Analytical and Numerical Solutions

In this section, we present the comparison between the analytical
viscous and inviscid solutions of the three-dimensional linearized
vorticity equation®' and the numerical solution of the full Navier—
Stokes equations for the case of a small-amplitude (¢ < 1) Gaussian
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initial disturbance with a horizontal orientation. Two disturbances
are considered to have ¢ =0.015 and & =0.375 initial amplitudes.
The comparison is carried out for Re =40. To examine the effect
of viscosity, the inviscid analytical solution®! is also included.

The distributions of the vorticity magnitude along the x and z
axes are shown in Fig. 8. The results obtained from the numerical
solution are normalized to match the analytical solution identically
at T =0. Also note that at T = 0 the streamwise and spanwise distri-
butions are identical. It is evident that the numerical solutions follow
closely the viscous analytical ones for both amplitudes (¢ =0.015
and 0.375) of the initial disturbances during the entire evolution.
Because of the symmetrical properties of the initial disturbance, for
example, p, =0, the distribution of the vorticity magnitude along
the z axis (Fig. 8b) remains symmetric around Z = 0 during the en-
tire evolution. On the other hand, the symmetrical distribution of the
vorticity magnitude along the x axis (Fig. 8a) is due to the symmet-

rical properties of the linearized equations. Once the disturbance
is sufficiently large, this symmetry is broken by nonlinear effects
(Fig. 8a) at T > 2 for the disturbance with an initial amplitude of
& =0.375). Comparing the inviscid and viscous solutions, one can
see that the shape of the vorticity magnitude distribution is well
preserved by the inviscid solution, whereas its actual magnitude is
severely overestimated. Finally, note that the vorticity magnitude
along x axis is significantly decreased during the first stages of evo-
lution (up to T =2) and then increases again at longer times. This
is attributed to the generation of spanwise vorticity sheets during
the disturbance evolution process, which will be discussed in the
following sections.

Effect of the Initial Disturbance Shape
In this section, the geometrical shape, the inclination angle, and
the strength of the vortical structures associated with a Gaussian

m - analytical (inviscid)
-@ analytical (Re=40)
-¢- numerical (Re=40, ¢=0.015)
<« numerical (Re=40, £=0.375)

0.2
o g e e
§¢Eﬂ 0.05 d./‘ ‘- “
T=0.25
=1
T=2

=3

T=4

a)

b)

Fig. 8 Comparison between analytical and numerical results for temporal evolution of the vorticity magnitude distribution of an initially horizontal
Gaussian disturbance: a) distribution along x axis and b) distribution along z axis.
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Fig. 9 Evolution of small amplitude (¢ =0.375) disturbances shown

by isosurfaces of the vorticity magnitude (||w||/wmax =0.7): a) Gaussian
disturbance and b) toroidal disturbance (r/6 = 2).

and various toroidal initial disturbances are studied and compared
during their temporal evolution. All other parameters are held con-
stant, namely, the initial amplitude and orientation are ¢ =0.375
and ¢ =90 deg, respectively, and the Reynolds number, based on §,
is Re =40. Thus, the effect of the length scales ratio (ry/§) can be
explored.

The temporal evolutions of a small-amplitude Gaussian and
toroidal (ry/§ = 2) disturbances are shown in Fig. 9 using isosurfaces
of the vorticity magnitude with a threshold level of || w|| /@ma = 0.7.
The projections of these isosurfaces on the xy plane are shown in
Fig. 10. Also shown in Fig. 10 is the long principal axis calcu-
lated from TED and indicated by the black solid line. The resulted
vortical structure extracted by the vorticity magnitude isosurface
for ||w]|/®max = 0.6, and the streamwise u and vertical v velocity
components distributions along the long principal axis at Z =0 are

T &

7 2

?

X 2 -2
2 0 2 4 2 0 2 4
=1
2 0
=2
//
2 0 2
=3 //

T=6 ///

a) b)
Fig. 10 Vorticity magnitude isosurfaces (||w||/wmax =0.7) projected

on the xy plane; a) Gaussian disturbance and b) toroidal disturbance
(ro/6 =2): ——, long principal axis (calculated from TED).

shown in Figs. 11a and 11b, respectively, for the Gaussian vortex
disturbance at T =6.

Figure 9 shows that both disturbances quickly evolve into pairs of
quasi-streamwise counter-rotating elongated vortices, similar to the
ones observed in the near-wall region of a turbulent boundary layer.
From the projection of the isosurfaces on the xy plane (Fig. 10),
we can see that both disturbances, initially with horizontal orienta-
tion, rotate around the z axis, but their rotation rate as well as their
inclination angle o (between the long principal axis and positive
direction of the x axis) are different. It is also evident that the visual
inclination angle of the vortical structure corresponds well to the an-
gle o calculated from TED for both initial disturbance geometries
during the whole evolution.

During the disturbance evolution, spanwise vorticity sheets w,,
which bridge the pair of quasi-streamwise counter-rotating elon-
gated vortices, are generated and can be seen when isosurfaces
of a lower threshold level of the vorticity magnitude are drawn
(Fig. 11a). The formation of these vorticity sheets and their subse-
quent strengthening can explain the increase of the vorticity mag-
nitude along the x axis at relatively long times mentioned in the
preceding section (Fig. 8a) for T =3 and 4. To explain the genera-
tion of the spanwise vorticity sheets, note (Introduction section) that
the disturbance evolution is governed by a transient growth mech-
anism. Accordingly, the negative streamwise velocity component
increases, while the vertical one decays (Fig. 11b). Thus, at long
times local shear layers between the induced negative streamwise
velocity and the base flow are formed. The spanwise vorticity sheets
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Fig. 11a  Vorticity magnitude isosurface (||w||/wmax = 0.6).
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Fig. 11b Velocity components u and v distributions along the long
principal axis of the vortex at Z = 0; Gaussian vortex initial disturbance
T=6.
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Fig. 12 Temporal evolution of the vortical structure inclination angle
a.

shown in Fig. 11a are the evidence of these local vertical shear lay-
ers. (For more details, see Suponitsky et al.??)

The effect of the initial disturbance geometry, expressed by the
length scales ratio r/§, on the temporal evolution of the vortical
structure inclination angle « is shown in Fig. 12. The angle « is
calculated from TED and is found to correlate well with the visual
inclination angle for the different initial disturbance geometries.
Figure 12 shows that all disturbances, initially horizontal, rotate
around the z axis during the first stages of evolution. Then, af-
ter reaching a maximum angle, the vortical structures rotate in the
opposite direction, and eventually the angles of all collapse on a
single slowly decreases curve independent of their initial geomet-
rical shapes. Note that the angles at longer times (T > 10) are less
than 10 deg. The rate of rotation and the maximum inclination an-

fo/3
—— 0 (Gaussian Vortex)

—_
o]
mazs el

Fig. 13 Temporal evolution of the normalized enstrophy integral
WIW,.

Fig. 14 Temporal evolution of the vortical structure inclination angle
a.

gle are functions of the initial disturbance geometry. The maximum
angle of rotation (about 30 deg) is attained by the Gaussian vor-
tex at the shortest time (7' = 1). When the ratio ro/§ is increased,
the time at which the maximum inclination angle is attained is in-
creased, whereas the value of the angle itself is decreased. For an
initial toroidal disturbance with (/8§ =9, the maximum angle is
about 9 deg attained at T ~ 4.

The temporal evolution of the normalized enstrophy integral
[W/W,, where Wy =W (T =0)] is shown in Fig. 13. It can be seen
that the disturbance initial geometrical shape plays a very important
role on its transient growth. The Gaussian vortex attains the weakest
growth, the maximum of which is less than 3.8 by T & 6. Then the
strength of this vortex decays due to viscous effects. Increasing the
ratio ro/8 results in a more significant transient growth, which is
attained at longer times. For the disturbance with ry/8 =5 =7, the
initial enstrophy integral is amplified by a factor of 18 by T =12,
and it still continues to grow. However, further increasing the length
scales ratio r¢/d results in the reduction of the transient growth.
Thus, the initial disturbances with length scales ratio within the
range of ry/8 =5 =7 are optimal, that is, they lead to the maximum
transient growth.

Note, as it can be seen from Fig. 9, that the spanwise sep-
aration distance between the two elongated vortical regions re-
mains approximately constant during the disturbance evolution and
can be approximated as 2ry. This distance, expressed in terms of
wall units [y* = yu*/v; u*=./(1,,/p)] lies within the range of
63 < y* < 113 for the disturbances with length scale ratio ry/8 be-
tween 5 <ry/6 <9. In this respect, note that the spanwise spacing
between low-speed streaks in turbulent boundary layers is about
100 wall units. In addition, the spanwise separation of hairpin legs
in fully developed turbulent shear flows is usually about 50-60 wall
units and does not exceed 100.

This suggests that the spanwise separation distance between the
streaks or hairpin legs observed in wall-bounded shear flows is
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Fig. 15 Temporal evolution of the normalized enstrophy integral
WIiW,.

probably due to their optimal transient growth, similar to the one
observed in our simple model.

Effect of Disturbance Reynolds Number

The results for a fixed Reynolds number (Re =40), where
the Reynolds number is based on § [Eq. (6)], were presented in
the preceding section. The length scale § was also used to define the
Reynolds number for the toroidal disturbance. Note that the toroidal
disturbance is defined by two length scales [Eq. (4)]. Therefore, two
nondimensional parameters are required to described its evolution,
that is, Re = Q8%/v and ro/8. In the sequel, the evolution of an
initial disturbance with various combinations of these parameters
is considered. The flow parameters for these simulations are given
in Table 1, for the Gaussian (G) and toroidal (T) disturbances, re-
spectively. The initial amplitude is ¢ = 0.375, the initial orientation
is ¢ =90 deg, and v =1 x 10~ m?/s for all simulations. Note that
for a given set of nondimensional parameters, two different com-
binations of the corresponding dimensional parameters are used.

Fig. 16 Hairpin vortex developed from large-amplitude disturbance and shown by isosurfaces of the vorticity magnitude, ||w||/wmax = 0.5, Re =40,
and T =5): a) Gaussian disturbance, € =7.5 and b) toroidal disturbance (ry/6 =3), e =5.

Fig. 17 Hairpin vortex developed from large-amplitude disturbance and shown by isosurfaces of the positive second invariant Q of the velocity
gradient tensor, Q/Qmax = 0.05, Re =40, and T = 5: a) Gaussian disturbance, € = 7.5 and b) toroidal disturbance (r¢/6 =3), £ =5.
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Table 1 Flow parameters for the simulations

Number Geometry Re §, mm ro/é Q,1/s
1 G 40 1 —_— 40
2 G 40 V2 —_— 20
3 G 20 —_— 20
4 T 40 2 40
5 T 40 V2 2 20
6 T 20 1 2 20

In Figs. 14 and 15, the temporal evolutions of & and W /W, are
presented for the cases given in Table 1. Figure 14 shows that the
kinematics of the disturbance evolution depends only on its initial
shape, determined by the ratio (rp/§). The strength of the vortex, on
the other hand, strongly depends on the Reynolds number (Fig. 15).
As the Reynolds number is increased for a given geometry, the tran-
sient growth of the disturbance increases as well. The normalized
time T =t - , by which the enstrophy integral reaches its maximum
value before starting to decay due to the viscous effects, increases
with the Reynolds number.

Nonlinear Initial Disturbance

The vortical structures resulted from an initially horizontal
Gaussian and a toroidal (ry/6 = 3) disturbances, with different ini-
tial amplitudes, are shown in Fig. 16. Figure 16 shows that both
large-amplitude disturbances evolve into a hairpin shape vortex,
consisting of two vortical legs connected by a spanwise vortex (the
head of the hairpin). The shape of the hairpin vortex depends on
the geometry of the initial disturbance. Figure 17 shows the same
vortical structures as in Fig. 16, but using the isosurfaces of the
positive second invariant Q of the velocity gradient tensor, as the
method for extracting the vortical structures. Comparing Figs. 16
and 17, we can see that the shapes of the extracted vortical struc-
tures are similar. The large-amplitude initial vortical disturbance is
significantly shifted from its initial position (X =Y = Z =0) during
its evolution.?? This shifting is due to the self-induced velocity (a
pure nonlinear effect) and by the subsequent convection of the base
flow. The detailed evolution of the nonlinear disturbances will be
published in the near future.

Summary

It is demonstrated that a simple model that takes into account
only the interaction between a localized vortical disturbance and
a laminar uniform shear base flow is capable of reproducing the
generation process and characteristics of coherent structures nat-
urally occurring in fully developed wall-bounded turbulent shear
flows. The temporal evolution of a localized vortical disturbance
embedded in unbounded uniform shear laminar base flow has been
studied numerically by solving the full Navier—Stokes equations.
Here localized disturbance means the disturbance localized in all
three dimensions and for which all dimensions are much smaller
than the characteristic length scale of the base flow. We focus on the
evolution of a small-amplitude initial disturbance, and only the pre-
liminary nonlinear results are presented. The detailed evolution of
the nonlinear disturbances will be published in the near future. Two
different geometrical shapes of the initial disturbance (both with a
Gaussian vorticity distribution) are considered: 1) Gaussian vortex
(spherical vortex ring) defined by a single length scale §, which
represents the size of the localized vorticity region, and 2) toroidal
vortex disturbance, defined by two length scales ry and 8, associ-
ated with the radius and thickness of the localized vorticity region.
Note that increasing the ratio (/3 causes the disturbance to loose
its localized character (in the streamwise and spanwise directions).

For a small-amplitude disturbance, the geometrical shape of the
resulted structure is found to be sufficiently independent of the initial
disturbance geometry. It consists of two flattened and elongated (in
the streamwise direction) regions of concentrated vorticity, which
are inclined at a small angle (<10 deg) to the base flow.

The evolution of the disturbance is governed by the transient
growth mechanism. Accordingly, the induced negative velocity
component grows, while the initially strong vertical component de-

cays. Consequently, the induced disturbed velocity is mainly in the
direction opposite to the base flow, which leads to the formation of an
elongated (in the streamwise direction) low-speed velocity region,
remindful of the streaky structures observed in turbulent boundary
flows. In addition, the interaction between the negative streamwise
velocity component induced by the vortical structure and base flow
velocity results in the generation of local inclined shear layers of
spanwise vorticity, similar to those observed in the near-wall region
of turbulent and transitional flows. Note that the motion in the elon-
gated regions of the concentrated vorticity has a strong translational
component that results in a strong deviation between inclination an-
gle of the vortical structure and vorticity vector. Consequently, in
this case, the elongated vorticity regions can not be represented by
a vortex filament.

The evolution process of the disturbances with different initial ge-
ometries (expressed by the length scales ratio r¢/§) is qualitatively
the same: The initial disturbance rotates around the z axis, reaches
its maximum inclination angle, and then rotates in the opposite di-
rection. The rotation process is accompanied by a significant stream-
wise stretching. However, the maximum inclination angle, as well
as the time by which it is attained, depends strongly on the initial
geometry. From the disturbed vorticity equation, one can see that
the ability of the base flow shear to rotate the concentrated vorticity
region depends on the gradients of the vorticity in the streamwise
direction. Therefore, decreasing these gradients by increasing the
length scales ratio r/8 results in weaker and slower rotation.

The inclination angle of the vortical structure is calculated with
the aid of TED,?' which is found to correspond well to the visual
inclination angle of the vortical structure for all geometries of the
initial disturbance.

The initial geometry of the disturbance has a strong effect on its
transient growth. Increasing the ratio /3 up to about 7 results in a
more significant transient growth, which is attained at longer times.
However, further increasing of the length scales ratio r/3 results in
the reduction of the transient growth.

The necessary condition for the transient growth to take place is
the presence of a spanwise structure of the initial disturbance. Note
that the initial disturbance is remindful of a dipole configuration.
For such dipole configurations, the radius of each leg (~ §) must
be smaller than the distance between the centers of the two legs
(& 2rp). Otherwise, viscous diffusion can lead to vorticity cancel-
lation and to elimination of the vortex. On the other hand, when
the spanwise separation distance is too large, the structure looses its
dipole structure, which leads to decreasing vortex strength. In addi-
tion, note that when the ratio r(/§ is increased, the gradients in the
streamwise direction are decreased. Consequently, the disturbance
approaches the streamwise independent state, which is known to
have a more significant transient growth.?” Indeed the results for the
toroidal disturbance demonstrate the existence of such an optimal
region of length scales ratios ry/§. In this optimal region, the span-
wise separation between the two elongated vortical regions (~ 2ry),
recalculated in wall units, corresponds well to the spanwise spac-
ing of the low-speed streaks and also to the separation distance of
hairpin vortex legs observed in turbulent flows.

The results show that, at least for a limited range of parameters
considered in the present study, the kinematics of the disturbance
evolution depends only on its initial shape, determined by the ra-
tio (ro/8), whereas its transient growth depends strongly on the
Reynolds number.

Finally, the preliminary results demonstrate that a strong nonlin-
ear initial disturbance eventually evolves into a hairpin vortex and
that its shape depends on the initial disturbance geometry. The de-
tailed investigation of the nonlinear disturbance evolution will be
published in the near future.
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